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Math 6091/3091: Practice Midterm 2 Solution

Naufil Sakran

Prove that if {vy,--- ,v,} are linearly independent vectors in the vector space V' then the following
vectors

{Ul —V2,V2 — V3, ,Up—1 — Unyan}

are also linearly independent.

Sol:

Suppose the vectors {v; — vo,v9 — v3, -+ ,Up_1 — Up, v, } were not linearly independent. So, there
exists aq, -+, ay, not all zero such that

ar(vy —ve) +ag(ve —v3) + -+ ap—1(vp—1 — vy) + @uv, = 0.
But then

a1(vy —ve) +ag(ve —v3) + -+ ap—1(vp—1 — vn) + @V, =0

a1y + (e — ag)ve + (a3 — ag)vs + -+ (@ — ap—1)v, =0

But then this implies @y = 0 and o, = ;1 = -+ = as = a1 = 0, a contradiction. So, the vectors
{v1 —v9,v9 — V3, ,Up_1 — Uy, U, } must be linearly independent.

Let V and W be finite-dimensional vector spaces over the field F. Show that dim V' = dim W if and
only if V is isomorphic to W (i.e. you can construct a bijective linear map between V and W.)

Sol:
Let dimV = dim W. Suppose {v1, -+ ,v,} and {wy, -+ ,w,} be basis for V and W respectively,
having the same number of elements as dimV = dim W. Then the map 7' : V — W such as
T(v;) = T(w;) for all i = 1,--- ,n is a bijective linear map. Thus, V is isomorphic to W.
Conversely, let V' is isomorphic to W. Then we have a bijective linear map 7" from V to W. Then
there exists basis {vy, -+ ,v,} of V and {wq,- - ,w;, } of W such that T'(v;) = w; for all i. But then
since T is a bijective linear transformation, we must have n = m. So, dimV = dim W.

Determine whether T : My — R such that

T<[a b}) =3a—4b+c—d
c d

is a linear transformation or not.

Sol:
Let {Zl UQ} [wl wg] € Mss and «, 8 € R, then

b)
3 U4 w3 W4

V1 U2 wy wal|) _ avy + fwr  avs + Pws
o R ) ()
= 3(av + Pwi) — 4(awa — Pws) + (aws + Pwsz) — (s + Pwy)
= a(3v; — dvy + v3 — v4) + B(Bwr — dws + w3 — wy)

—ar ([ ) e ([ )



(4) Consider the basis S = {(1,1,1),(1,1,0),(1,0,0)} for R3. Consider the linear transformation 7 :
R3 — R? given by
T(1,1,1) = (1,0),  T(1,1,0) = (2,-1),  T(1,0,0) = (4,3).

Find a formula for T'(z1, z2, x3) and then use that formula to compute T'(2, —3,5).

Sol:
For any (z1,29,23) € R3. Let ¢1, ¢, c3 € R such that
T 1 1 1
To| =c1 |1 +ec2 |[1| +¢3 |0
T3 1 0 0
c1+co+c3
= 1+ co
C1

which implies ¢; = x3, co = 9 — x3 and c¢3 = £1 — T3. So,

T(x1,29,23) = T(c1(1,1,1) + ¢2(1,1,0) 4+ ¢3(1,0,0))
=c1T(1,1,1) + 2T(1,1,0) + ¢37(1,0,0)
=x3(1,0) + (x2 — x3)(2, —1) + (21 — x2)(4,3)
= (dz1 — 229 — 23,321 — 4ao + x3).

Now, T'(2,—3,5) = (9,23).

(5) Consider the basis S = {(—2,1),(1,3)} for R2. Consider the linear transformation 7' : R? — R3?
given by
T(-2,1) = (—1,2,0), 7(1,3) = (0,-3,5).
Find a formula for T'(z1,22) and then use that formula to compute T'(2, —3).

Sol:

(x1,22) = c1(—2,1) + 2(1,3)
= (—2c1 + ¢2,¢1 + 3c2)
We get ¢; = _7311 + %xz and ¢y = %xl + %a:Q. So,
T(x1,22) = c1(—1,2,0) 4+ c2(0,—3,5)

-3 1 12
_ <71’1 + 7:172> (—1,2,0) + (711 + 7$2> (0,-3,5)

(3 9 45 10
- 1 71 72771 7 2

(6) Consider the basis S = {(1,2,1),(2,9,0),(3,3,4)} for R3. Consider the linear transformation 7 :
R3 — R? given by
7(1,2,1) = (1,0), 7(2,9,0) = (-1,1), 7(3,3,4) = (0,1).
Find a formula for T'(z1, 22, x3) and then use that formula to compute T'(7,13,7).
Sol:
We get ¢; = —36x1 + 8xg + 2123, o = dx1 — T2 — 323, c3 = 921 — 229 — Hxz. Therefore,
T(x1,22,23) = (—41lxy + 929 + 2423, 1421 — 329 — 823)



True-False Exercises

TF. In parts (a)-(i) determine whether the statement is true or
false, and justify your answer.

(a) If T(civi + c2v2) = 1 T(v1) 4 c2T(v2) for all vectors v; and v»
in V and all scalars ¢; and ¢5, then T 1s a hinear transformation.

(b) If v 1s a nonzero vector in V, then there 1s exactly one linear
transformation T : V — W such that T(—v) = —T(v).

(¢) There 1s exactly one linear transformation T:V — W for
which T(u + v) = T(u — v) for all vectorsu and vin V.

(d) If v, 1s a nonzero vector n V, then the formula T(v) = vy, + v
defines a linear operator on V.

(¢) The kernel of a linear transformation 1s a vector space.
(f) The range of a linear transformation is a vector space.

(g) If T: Ps— M5, 1s a linear transformation, then the nullity of
T 1s 3.

(h) The function T : M>; — R defined by T(A) = det A 1s a linear
transformation.

(i) The linear transformation T : M5, — M5, defined by

1 3
T(A) = [2 6]A

has rank 1.

TRUE,FALSE, TRUE,FALSE, TRUE, TRUE,FALSE, FALSE, TRUE



(7) Let T : Py — Py given by T(p(z)) = zp(x). Find the Kernel of T. Is T onto?

Sol:
Ker =0 and T is not onto.

(8) Find the kernel of the transformation T given by the following matrix

2 3 4 1 1

1 1 8 8 8

0 0 0 2 2

Sol:
2 3 4 1 1 1 0 20 0 O
11 8 8 8§ —|0 1 =12 0 O
0 0 0 2 2 00 0 11
So, the kernel is

—20 0

12 0

span 1 {1,110

0 -1

0 1

(9) Consider the linear transformation T : R® — R! given by T(z1,22,23) = 323 + 225 — 1. Find the
preimage of 5.

Sol:
The Kernel of the transformation is

Ker = span{(3,0,1),(2,1,0)}.
Note that T'(—5,0,0) = 5. So, the preimage of 5 is the set

-5 3 2
0| +t1 {0] +1t2 |1 |t1,t2€R
0 1 0

(10) Consider the linear transformation 7' : R5 — R3 given by

T($1,$2,$3,l‘4,$5) = (33‘4 + 5,229 + 33 — 5, —x1 + 222 + 3$3)

Find the preimage of (0,5, 1).

Sol:
The matrix of the map is
0 0 0 1 1] 10 0 0 -1
0 2 3 -1 — |0 1 15 0 -0.5
-1 2 3 0 0 00 0 1 1

So, the Kernel of T is

0
1
span 0], 1
0
0



We get the particular solution by

0 001 1 0 10 0 0 -1 4
o 2 3 0 -1 5| — 1|0 1 15 0 —-05 25
1 0 0

-1 2 3 0 0 0 1 1 0
4
2.5
So, the particular solution is | 0 | Therefore, the preimage is the set

0
0

4 1 0

2.5 0.5 —-1.5

Of4+ti| O |+t 1 |t1,t2€R

0 -1 0

0 1 0

(11) Consider the linear transformation 7' : R? — R* given by T(x,y) = (z + 2y, x + 3y, z,y). Find the
basis for the Kernel and Image of T'.

Sol:
The matrix of the linear transformation is
1 2 1 0
1 3 N 0 1
1 0 0 0
0 1 0 0
So, the Kernel is 0 and the image of the transformation is
1 2
1 3
11710
0 1

(12) Find the inverse of the following matrix

Sol:
The inverse is

(13) Let T : R® — R3 be a linear transformation given by
T(mh o, £C3) = (3.’E1 + 2, —2%1 - 4.’E2 + 31’3, 5%1 + 4.’E2 - 2.’E,3)
Determine whether T is invertible. If yes, find T~ !(z1, ¥, 73) and use it to compute T-1(1,2,3)

Sol:
The matrix of the transformation is



The inverse of the matrix is

4 -2 -3
-1 6 9
—-12 7 10
So,
1 4 -2 =311 -9
T 12| =1-11 6 9] |2 =1]28
3 —-12 7 10| |3 32
(14) Let

Ti(z,y) = ( +y,y,—2), Ta(z,y,2) = (0,2 +y+23y), T3(x,y,2) = 3r+2y,42—x—3y).
Find the formula for T5 o T o Ty (x, y) and use it to compute T3 o T o 77 (10, 10).
Sol:

So, the matrix of T3 o T o T} is

3 2 0 0
AT30T20T1 = -1 -3 4 1
0

b

So, T3 0Ty o Ty (x,y) = (4y, 6y). Thus, T3 o Ty o T7(10, 10) = (40, 60).



True-False Exercises

TF. In parts (a)-(f) determine whether the statement is true or
false, and justify your answer.

(a) The composition of two linear transformations is also a linear
transformation.

(b) IfT1: V — Vand T5: V — V are any two linear operators, then
T] o Tg = TE o Tl-

(¢) The inverse of a one-to-one linear transformation 1s a linear
transformation.

(d) If a linear transformation T has an inverse, then the kernel of
T 1s the zero subspace.

(e) If T: R° — R* is the orthogonal projection onto the x-axis,
then T ': R* — R* maps each point on the x-axis onto a line

that is perpendicular to the x-axis.

(£) If Ty: U — V and T5: V — W are linear transformations, and
if T} 1s not one-to-one, then neitheri1s 15 o T7.

FALSE, FALSE, FALSE, TRUE,FALSE, TRUE



(15) The Fundamental Theorem of Calculus implies that integration and differentiation reverse the actions
of each other. Define the transformation D : P,, — P,,_1 by D(p(z)) = p'(x) and define I :

Pn—l — Pn by
I(p(x)) = / ot

)dt

Verify that D and I are linear transformations. Explain why I is not the inverse transformation of

D. Find the basis of the image of J.
Sol:

We know from calculus that D(af+5g) = aD(f)+5D(g) and I(af+Bg) = aI(f)+51(g), therefore,
D and I are linear transformations. I cannot be the inverse of D as I(D(p(z))) = 0 for any constant
polynomial p(x) (e.g. p(x) = 5). The basis for the image of I is

{x’x R

Consider the map T : Myy — R* given by

c d

,a"}.

T([a b]) =(a,a+ba+b+c,a+b+c+d).

Is T" an isomorphism i.e. is T' a bijective linear map?

Sol:
Consider the following basis

1 0] [0 1] [o O]
0 0]"[1T 1|1 0]
for M3 5. Now, since

-0 o(f )=

and the vectors

1,1,1,1

) ) )

1) 27 27 2)’

I N

1
2
2

W N =

) )

1 2

w

forms a basis of R*, we get that T is a bijective linear map.

Determine whether the following is true or false:

e There is a subspace of Ma3 that is isomorphic to R%.
e Isomorphic finite-dimensional vector spaces must have the same number of basis vectors.

e R" is isomorphic to R"*1!.

Sol:
TRUE, TRUE,FALSE

)

(1’ 27 374)



(18)

Let T : R? — R? be the linear transformation defined by
T(iﬂl,l'g) = (ZEQ, —bx1 + 1329, —7Tx1 + 161’2)

Find the matrix for the linear transformation T with respect to the bases B = {uy,us} of R? and
B’ = {v1,vy,v3} for R3, where

0
u1|:i1)):|7 Uz{g]; vi=1[0], va=|2], wv3=|1
-1 2 2

Sol:

We have
1

T(u) = |—-2], ]
-5

Now, we write their image in terms of the bases B’, we get

1 1
[T(ul)]B/ = 0 = |-2 5 =
] P
Now, the matrix of [T]3" is
1 3
([T(w)ls [T(u)lp]=]0 1
-2 -1

Let T : P, — P5 be a linear transformation defined by

T(p(z)) = p(3z = 5),
i.e. T(ap+aix+azr?) = ag+a1(3z—5)+az(3z—5)% Find [T]p relative to the basis B = {1, z, 2?}.
Use it to compute T(1 + 2x + 3z2).

Sol:
We have
T(1) =1, T(x)=-5+3z, T(z*) =25-30x+92°
Now, we write their image in terms of the bases B, we get

1 -5 25
TW)p = (0| . T@ls=|3]| . [TEs=|-30
0 B 0 B 9 B



10

(20) Let V =R3 and W =R? and let T : V. — W be a linear transformation. Let

1 0 1 0 2 1
a= 11,111, 1]0 be basis of V and 8 = 11,10(,]2 be basis of W
0 1 1 2 1 0

Suppose T is given by

[1] 0 2 1
T 1 =111 +2|0| +2 (2
0] 2 1 0
[0] 0 2
T 1 =—|(1]14+2{0
1] 2 1
(1] 0 2 1
T 0 = |1] —-210] — |2
1] 2 1 0
1
Find T 1
1
Sol:
We know that
1 1 1 0 1 1 1
3 1| + 3 1 + 5 0] = |1
0 1 1 1

NN

(1)

ol o
+2 0] +2
(S _1_
2
0
1

2.5
1.5

Il
— Nl
O



