Math 6091/3091: Recitation 11

Naufil Sakran

(1) (2 points) Determine whether the given subspace W C V is invariant under the given linear map
T:V-=>V.

1 3 1
V=R3 T:V—Vdefnedby [0 2 1], W = Span{(1,-1,1),(1,2,1)}.
1 0 O
Sol: Let vq = (1,-1,1).
1 3 1 1 -1
Twv)=10 2 -1 -1|=1-3
1 0 O 1 1
To check if T'(v1) € W, we attempt to express it as a linear combination of the basis vectors:
-1 1 1
-3 =al|l-1]+b|2
1 1 1
This gives the system:
a+b=-1
—a+2b=-3
a+b=1

The first and third equations contradict each other, so no such a, b exist. Therefore, W is not stable.

1 4
(2) (1 point) Compute the inverse of the matrix <3 8) using characteristic polynomial p(z) =
(=1)"A™ + .-+ + agA + a; and the formula
11
det(A)

Sol: Characteristic polynomial is

(—D)"A™ ' o Fag A+ ayd).

p(A)zdet(A—)J)zdet(lg)\ 8:) — (1= N8 -)) —12

=\ -9\—4
So,
1
A? —9A -4l =0 = A‘lzz(A—QI).

=i )

(3) (2 points) Consider the nilpotent matrix

O = ==

3
1
0
0

O O oW

Let z = (1,1,1,3). Find C(z) = Span{A*~1(z), A*~2(x),--- , Az, 2} where A" = 0 for all r > k.
Sol: Observe that
1



0 0 2 5 0 0 0 2
2 |0 0 0 1 3 [0 0 0 O
A" = 0O 0 0 0}’ AT = 0O 0 0 0}’
0 0 0 O 0 0 0 O
Now,
1
Ay =2 = 1
3
0 2 3 1 1 8
0 0 1 1 1 4
Ar=19 00 11|73
0 0 0 O 3 0
0 0 2 5 1 17
o oo o 1){1] |3
Ar=10 00 ofl1]7 |0
0 0 0 O 3 0
0 0 0 2 1 6
0 0 0 O 1 0
S _
Ar=10 00 o |1]= o
0 0 0 O 3 0
So,
6 17 8 1
0 3 4 1
C(z) = Span ol Lol sl |1
0 0 0 3
(4) (2 points) Let N : R* — R* given by
0 2 0 O
0 0 0 O
A= 0 0 0 1
0 0 0 O

Find a basis 8 such that [N ]g is in the canonical form.
Sol: Eigenvectors of A are Fy and Fj3. Furthemore, observe that

1 1
Q] = C (2E2> = {El, 2E2}

g = C(E4) = {E3,E4} .

So, a1 U ay forms a basis of R*. The Tableu corresponding to this is

and

So, with this basis, the matrix representation becomes:
01 0
(V]

B
B

o O O
O = OO

0 0
0 0
0 0



3

(5) (3 points) Let T': C° — C* be a linear mapping and assume that the characteristic polynomial of
T is ((2—14) — A)*(3 — \)®. Assume that

dim(Ker(T — (2 — i)1))
dim(Ker((T — (2 — i)1)%))

3
4

and

dim(Ker (T — 31))
dim(Ker(T — 3I)?)
dim(Ker(T — 31)?)
Find the Jordan Canonical Form of T

2
4
)

Sol:
Tableau corresponding to the eigenvalue 2 — 7 is

This gives Jordan block

Tableau corresponding to the eigenvalue 3 is

This gives Jordan block

310 00

03 100

Jo=]10 0 3 0 0

000 31

000 0 3

Therefore, the Jordan Canonical form is

2—1i 1 0 0 0 0 0 00
0 2—-4i 0 0 000 00
0 0O 2—-4 0 0 0 0 0O
50 0 0 0O 2—-4 0 0 0 0 O
( 0 J2> = 0 0 0 0 3 1 000
0 0 0 0 03 100
0 0 0 0 00 3 00
0 0 0 0 000 3 1
0 0 0 0O 0000 3




