Math 6091/3091: Recitation 3

Naufil Sakran

Do any all of the following problems.
(1) (2 points) Let V and W be vector spaces over a field F and let T': V. — W be a linear transfor-
mation. Show that the image of T is a subspace of W i.e. the set
T(V) := {w € W | there exists v € V such that T'(v) = w}

is a subspace of W.

Sol:
Let wy,we € T(V). Then there exists vy,vy € V such that T'(v;) = wy and T'(ve) = wy. Now for
any «, 8 € F, the element cw; + fws € T(V) since

T(avy + Pvg) = awy + Pws.
Thus, T(V) is a subspace in W.

(2) (3 points) Let V =R? and W = P3(R). If T : V — W is a linear transformation defined by
T((1,1) =z +2* and T((3,0)) =z — 2>
(a) Find T(7,1).
Sol:

T(7,1) =T(2(3,0) + (1,1))
= 27°(3,0) + T(1,1)
=2(x +2%) + (z — 2?)

=3z + 222 — 23

b) Find v € V such that T'(v) = —23 — 22.
(b) (

Sol:
Asz — a3 — (z +2%) = —2% — 2%, we have

T((3,0) — (1,1)) =T(2, 1) = —a® — 2°.

(c¢) Is T one-to-one? Is T' onto?

Sol:
We compute the Kernel of T. Let a, 8 € F. Consider the following:

T(a(3,0) +£(1,1)) =0
= aT(3,0)+ 5T(1,1) =0
= a(z+2*)+Bx—2% =0
<~ a=£=0
So, Ker(T) =0, thus, T is one to one. Now as dim W > dim V, T' cannot be onto.



(3) (2 points) Let V =R3 and W = R*, and let T : V — W be a linear transformation defined as
T((v1,v2,v3)) = (v1 — v2,v2 — V3, V1 + V2 — V3,03 — V1).
What is the matrix of T with respect to the standard basis {(1,0,0), (0,1,0), (0,0,1)}.
Sol:

-1 0
1 -1
1 -1
0 1

1

0

1
—1

(4) (3 points) Let V =R* and W = R3, and let T : V — W be a linear transformation defined as

T((v1,v2,v3,v4)) = (V1 — V2, V2 — U3 + V4, V1 + V2 — Vg + V4).

(a) (2 point) Find the bases for the kernel of T'.
Sol:

T((v1,v2,v3,v4)) =0
(v1 — Vo, U3 — U3 + V4,01 + V2 —v3 +vg) = (0,0,0)
So, we have
v —v3 =0 = v; =1y
Vo —v34+vy =0 = v =v3— vy
V1 +vy—v3+uvs =0 = 201 =v3— 14

From this, we have v; = 2v; which implies v; = 0. This also indicates vo = 0 and vz — v4 =
0 = w3 = v4. So, the Kernel is

Ker(T) = Span{(0,0,1,1)}.

(b) (1 point) Find the basis of the image of T.

Sol:
Since dim V' — dim Ker(T) = 4 — 1 = 3 = dim W, we have T is onto. So, any basis of W = R3
would work. In particular, {(1,0,0),(0,1,0),(0,0,1)}.



